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ABSTRACT

We study the set of bounded trajectories for the flow defined by a class of
scalar convex differential equations depending on a parameter. It is found
that there exists precisely one value of the parameter for which almost
automorphic but not almost periodic dynamics may appear. Even for this
parameter value, the occurrence of almost periodic dynamics is shown to
be residual in some cases. The dependence of this parameter on the
functions defining the differential equations is also studied.

1. Introduction

A well-known result asserts that a scalar periodic differential equation which
admits a bounded solution also admits a periodic solution (see Massera [17]).
The result is no longer true for an almost periodic differential equation. How-
ever, if this equation admits a bounded solution, then it also admits a recurrent
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solution which generates an almost automorphic minimal set. Almost automor-
phic functions were first introduced by Bochner [4] in 1956. These functions
generalize almost periodic functions; they admit a well-defined Fourier series
although not necessarily unique, and the respective Bochner-Féjer sums only
converge pointwise in general (see Veech [30]). The closure of an almost auto-
morphic orbit in a dynamical system is minimal, but its measurable structure
can exhibit high complexity in some cases (see Furstenberg and Weiss [9]).

Examples of a quadratic almost periodic differential equation with almost
automorphic but not almost periodic solutions can be deduced from the non-
hyperbolic bidimensional linear systems obtained by Millionsc¢ikov [19, 20] and
Vinograd [32]. It is easy to check that the projective flow induced by these
examples can be described by a strictly concave differential equation. A sim-
ple change of sign in the independent variable provides an alternative strictly
convex representation. In this same line, the papers of Zhikov and Levitan [33]
and Johnson [11] contain examples of a scalar linear almost periodic differen-
tial equation showing similar phenomena. Ortega and Tarallo [23] describe a
qualitative property, which is satisfied by the above examples, and it provides
almost automorphic solutions of almost periodic scalar linear equations.

This paper deals with the presence of almost periodic and almost automorphic
dynamics in the local flows defined by a one parameter family of strictly convex
differential equations

(1.1) ¥ =glw tr)+a, weq,

where w - t = o(¢t,w) represents a continuous flow on a compact metric space ,
and the map g: xR — R is continuous and coercive, i.e., lim, 1 g(w,z) =
for every w € Q. If the base (Q,0) is almost periodic, we apply the dy-
namical description of the bounded trajectories set obtained by Alonso and
Obaya [1], to show that the existence of almost automorphic but not almost pe-
riodic solutions is only possible for a unique value of the parameter a*. Besides,
when (1.1) takes the form

(1.2) 2 =gla)+plw-t)+a, weO,

we prove that for this value of the parameter a*(p), generically in an appropri-
ate set of functions p, there exists a unique bounded solution which is almost
periodic. Previous results for convex (resp. concave) coercive scalar differential
equations were obtained by Mawhin [18] (resp. Tineo [29]), where the existence
and number of periodic solutions (resp. bounded separate solutions) depending
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on the parameter o were studied. Novo and Obaya [22] adapt the techniques
of Alonso and Obaya [1] to describe hyperbolic almost periodic minimal sets in
infinite dimensional convex monotone dynamical systems.

Finally, we mention other points of interest concerning almost automorphic
dynamics. Floquet theory for almost periodic linear systems must be formulated
in terms of almost automorphic linear transformations, as shown in Johnson [10].
Shen and Yi [27] illustrate the relevance of the almost automorphic dynamics in
the study of infinite dimensional almost periodic differential equations. Its influ-
ence in the case of monotone structures is also remarkable, as shown by Johnson
et al. [13, 14], Shen and Yi [28] and the references therein. The complexity of
almost automorphic dynamics has been studied for symbolic flows in Fursten-
berg [8] and Markley and Paul [16]. Recent results in high dimensional symbolic
flows with application to the construction of almost automorphic chaotic signals
can be found in Berger et al. [3].

This paper is arranged as follows. Section 2 reviews some basic notions and
well-known results in ergodic theory and topological dynamics. It also contains
a sketch of the proof of a perturbation theorem often used through the paper.

In Section 3, under some assumptions of strict convexity, we prove that if
is almost periodic, there is a unique value of the parameter a* for which the
corresponding equation (1.1) may admit an almost automorphic but not almost
periodic solution. We also characterize the ergodic and topological structure
of the set of bounded trajectories for this value of the parameter. In addition,
similar results are obtained when we only require the convexity properties for the
function g over a compact invariant set of bounded trajectories with nonempty
interior.

Section 4 studies the dependence on the function p of the value of the param-
eter o* for equation (1.2), obtaining a continuity result for the uniform conver-
gence and a kind of semicontinuity result for the weak topology o(C(§), M (£2)).
A characterization of the convergence of the Lyapunov exponents in terms of
the convergence in measure of the hyperbolic solutions is also obtained.

After recalling some notions on almost periodic functions, Section 5 is devoted
to the study of the case in which  is the hull of a limit periodic function. We
show that equation (1.2) for a*(p) admits an almost periodic solution for p in
a residual subset of C(Q). Finally, Section 6 deals with the quasi-periodic case,
where also the genericity of almost periodic dynamics is shown in the product
space of frequencies and continuous functions [0, 1]¥ x C(T*).
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2. Basic results

This section is devoted to recall some definitions and results more or less stan-
dard in ergodic theory and topological dynamics, as well as to state some basic
results used through the paper.

Let 2 be a compact metric space. A real continuous flow (Q,0) is defined
by a continuous mapping o: R x Q — Q, (t,w) — o(t,w) satisfying

(i) o9 =1d,

(il) oy1s = 04 0 05 for each s, t € R,
where 0;(w) = o(t,w) for all w € Q and ¢ € R. The set {o:(w) | t € R} is called
the orbit or the trajectory of the point w.

We say that a subset ; C Q is o-invariant if 0,(Q;) = Q for every ¢ € R
A mapping f: Q — R is o-invariant if it is constant along the trajectories, i.e.,
floy(w)) = f(w) for all w € Q and t € R. A subset Q; C Q is called minimal
if it is compact, o-invariant and it has no other nonempty compact o-invariant
subset but itself. Every compact and o-invariant set contains a minimal subset;
in particular, it is easy to prove that a compact o-invariant subset is minimal if
and only if every trajectory is dense. We say that the continuous flow (2, o) is
recurrent or minimal if  is minimal.

Let d be a metric on . The flow (€2, o) is said to be almost periodic when
for every € > 0 there is a 6 > 0 such that, if wy, ws € Q with d(w,ws) < 4,
then d(o4(w1),04(w2)) < € for every t € R. For the basic properties on almost
periodic flows we refer the reader to Ellis [6] and Sacker and Sell [25].

A flow homomorphism from another continuous flow (Y, ¥) to (Q,0) is
a continuous mapping f: Y — Q such that f(U.(y)) = o:(f(y)) for every
y €Y andt € R Let m: (Y,¥) — (2,0) be a surjective flow homomor-
phism and suppose (Y, ¥) is minimal. We say that (Y, ¥) is a copy of (2, 0)
if card(m=!(w)) = 1 for each w € Q. (Y, ¥) is said to be an almost auto-
morphic extension (a.a. extension) of (Q,0) if there is w € Q such that
card(77!(w)) = 1. A minimal flow (Y, ¥) is almost automorphic if it is an
almost automorphic extension of an almost periodic minimal flow (Q,0) (see
Veech [31]).

A Borel measure on ) will be a finite regular measure defined on the Borel
sets. Let u be a normalized Borel measure on 2; i is o-invariant (or invariant
under o) if p(o:(Q1)) = u(Q) for every Borel subset Q; C Q and every ¢t € R.
It is o-ergodic (or ergodic under o) if, in addition, p() =0 or pu() =1
for every o-invariant subset €y C (.

We denote by Miny (€2, o) the set of positive and normalized o-invariant mea-
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sures on €. The Krylov—Bogoliubov theorem (see Nemytskii and Stepanoff [21])
asserts that M, (Q, o) is nonempty when Q is a compact metric space. The ex-
tremal points of the convex and weakly compact set Miny (2, o) are the o-ergodic
measures, from which it is deduced that also the set of o-ergodic measures is
nonempty. The decomposition of the flow ({2, 0) into ergodic components and
the construction and representation theorems of o-invariant measures from o-
ergodic measures are well known (see Phelps [24] and Mané [15]).

We say that (Q, o) is uniquely ergodic (u.e.) if it has a unique normalized
invariant measure which is then necessarily ergodic. If (2,0) is u.e. it is not
necessarily minimal; however, if (Q, o) is u.e. and u(U) > 0 for every non-empty
open set U, then (Q, ) is minimal. An almost periodic and minimal flow (2, o)
is always u.e.

Next we consider a family of scalar ordinary differential equations

(2.1) ¥ =hw-t,x), weqQ,

3

where h: @ x R — R is continuous, differentiable with respect to = and dh/0x
is continuous. They induce a local skew-product flow on  x R

T :UCRXOxR — QxR
(t,w,lo) = T(t,w,xo) = (w : t,x(t,w,xo)),

where x(t,w, xg) is the solution of (2.1) evaluated along the trajectory of w with
initial value xg, and ¢ belongs to its maximal interval of definition.

A forward orbit {7(t,wo, o)t > 0} is uniformly stable if for every ¢ > 0
there is a § = d(¢) > 0, called the modulus of uniform stability, such that
if s >0 and |z(s,wo,x0) — (s, wo,x1)| < d(g), then

|z(t + s, wo, z0) — 2(t + s,wo,x1)| < e for each t > 0.

It is said to be uniformly asymptotically stable if it is uniformly stable and
there is a g > 0 with the following property: for each £ > 0 there is a to(g) > 0
such that if s > 0 and |z(s,wo, zg) — 2(s,wo, 21)| < do then

|x(t + s,wo, x0) — x(t + s,wp, x1)| < e for each t > to(e).

Let M be a minimal subset of the above local flow. The natural projection
m (M, 7) = (Q,0), (w,z) — w defines a flow homomorphism. When the
base (€, 0) is minimal, it is well known that (M, 7) is an almost automorphic
extension of (£2, o) (see Shen and Yi [28] for a more general version of this result,
valid for strongly monotone semiflows).
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We say that 2o € C(Q) is a hyperbolic solution of (2.1) if it is a solution along
the trajectories, that is, zo(w - t) satisfies equation (2.1) for each w € Q, and the
linearized family

oh

(2.2) 2 = a(w-t,xo(ww))z, weN

admits an exponential dichotomy over 2. This means that there are positive
constants C > 0, § > 0 and a continuous family of projections P, such that if
®,(t) denotes the fundamental solution of (2.2),

@ (t)Pu®, (5)] < Ce P9 if t > s,
&, (1) (I — P,)® ' (s)] < CePl=3) if ¢ < s.

In the scalar case there are two possibilities: P, = I or P, = 0 for all w € Q.
Consequently,(2.2) admits an exponential dichotomy over Q if and only if

t
exp/ %(w cu,wo(w - u))du < Ce Pt=%)  for each t >s,w€EN

or

t
h
exp/ %(w “u, 2o (W - u))du < Ceft=5)  for each t < s,w €.

When the base (Q,0) is minimal, we say that a minimal subset M C Q x R is
hyperbolic if M = {(w,zo(w)) | w € Q} with zg € C(Q) a hyperbolic solution.
Thus, a hyperbolic minimal subset is always a copy of the base.

Let m be a fixed ergodic measure on 2 and B a compact invariant subset of
Q x R. We consider the global flow on B defined by the above map 7. We say
that 4 is a Lyapunov exponent with respect to m if there exists an ergodic
measure v projecting onto m such that

1 ["0n .
im - [ —(w-s,z(s,w,20))ds =~ a.e. with respect to v.
lt|=oo t Jo Ox
Birkhoff’s ergodic theorem leads us to [ dh/dxdy = 7.

The following perturbation theorem asserts that hyperbolicity is maintained
in an appropriate neighborhood, and it will be often used along the paper. Its
proof is based on Theorem 8.1 of Fink [7] and Lemma 3.3 of Alonso et al. [2].
Since we will need to apply the result jointly to more than one family, we include
a sketch of the proof to remark how the neighborhood depends mainly on the
constants of the exponential dichotomy.
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THEOREM 2.1: We consider (2, 0) a continuous flow (not necessarily minimal)
on a compact metric space. Let us assume that xo € C(Q) is a hyperbolic
solution of

¥ =hw-t,x), weqQ,

where h: Q x R — R is continuous, differentiable with respect to x and 0h/0z

is continuous. Then, for each § > 0, there is an ¢(6) > 0 such that if p € C'(Q)
and ||p|le < €(6), the perturbed family

(2.3) 2 =hw-t,z)+pw-t), weqQ,
admits a hyperbolic solution z, € C(Q) with ||zq — Zpl|ec < 9.

Proof:  We give a sketch of the proof. Let p € C(Q) and consider the family of
equations (2.3). The change of variables z = x — 2o (w - t) takes it into
oh

(2.4) 2 = 6_x(w ‘tzo(w )z +rw -t z)+plw-t), weQ,

where r(w, z) = h(w, z + 2o(w)) — h(w, 20(w)) — Oh/0x(w, xo(w))2.
We define L(z) for each real z by

oh oh
sup{‘a—x(w,zl) — a—x(w,zg) |w e Q,|z1], |22] < ||xolloo + 1, |21 — 22| < \z\}

It is not difficult to see that lim,_,o L(z) = 0. Besides, the following relations
hold for every w € Q: |r(w, z)| < L(2)|z| whenever |z] < 1 and

Ir(w, 21) = (@, 22)| < L(max{|zal, |z2[})]21 — 2,

provided that |z], 22| < 1.

Since xg is a hyperbolic solution of the original family, the linearized
(2.2) admits an exponential dichotomy over Q. Moreover, if y € C(2) and
20 = yllo < 0,

h h
%(w “txg(w-t)) — %(w “ty(w-t))| < L), foreachteRw €.
Thus, since lims_,g L(d) = 0, we can assume that ¢ is sufficiently small, depend-
ing only on the constants of the exponential dichotomy, to apply the classical
roughness theorem (see Coppel [5]), and conclude that the linear systems

,  Oh
Z—%(w-t,y(w-t))z, weN
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also admit an exponential dichotomy over (2.
For each zo € B(0,8) C C(f), we consider the linear equation with bounded
nonhomogeneous term

(2.5) 2 = %(wi,xo(w z+r(w -t 2w ) +plw-t), teR,

which admits a unique bounded solution T, ,(t) because of the exponential
dichotomy of (2.2) (see also [5]). Moreover, ||T. wlleo < K(L(6)6 + ||p|loo):
where the constant K only depends on the constants involved in the exponential
dichotomy. Next, we define

T: E(O, 5) — C(Q), K ad TZO,

where Tzg(w) = T, (0). It is also easy to check that Tzo(w - t) = Ty, o (t) for
each t € R, and for each z1, 2o € B(0,0)

T2l < K(LE)3 + lplloc) and [Tz — Taof| < KL(G) |21 - 22loc.

Since limgs_yo L(§) = 0, we can reduce, if necessary, the size of § and choose an
£(d) in order to get a contraction from B(0,6) into itself when [|p||sc < £(6).

Finally, the Banach fixed point theorem provides a bounded solution z,(w-t) of
equation (2.4). Therefore, 2, = z, + z¢ is a bounded solution of (2.3) satisfying
llzo — 2plle < 0, which, as explained before, implies that it is a hyperbolic
solution. Notice that £(§) only depends on the constants of the exponential
dichotomy and on the partial derivative 0h/0z. ]

3. Scalar convex differential equations

Let (Q,0) be a minimal flow defined on a compact metric space and represent
w-t =o(t,w) for each t € R and w € Q. We consider a continuous map satisfying
the following properties.

Assumption 3.1: The continuous function g:  x R — R satisfies
(a.1) g is a convex map in the x component, that is,

gw, Az + (1 = Nxs) < Ag(w, 1) + (1 — Ng(w, z9)

for every w € 2,0 < XA <1 and z1, 2 € R, and strictly convex in the z
component for some wq € 2, i.e.,

g(wo, ATy + (1 = A)x2) < Ag(wo, 21) + (1 — A)g(wo, 72)
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for every 0 < A < 1 and z1, 22 € R with 1 # x9;
(a.2) g is differentiable with respect to  and dg/dz:  x R — R is continuous;
(a.3) g is coercive in x, i.e., lim, 1 g(w,x) = oo for every w € Q.

For each a € R, the family of differential equations
(3.1)a ¥=gw- tr)+a, we

induces a local skew-product flow on 2 x R

To UCRXOxXxR — QxR
(t,w, zo) = Tolt,w,m0) = (w - t,2(t,w, g, a)),

where z(t,w, zg, @) is the solution of (3.1), evaluated along the trajectory of w
with initial value xq, and ¢ belongs to its maximal interval of definition (¢_,#,)
(notice that, although dropped from the notation, ¢, and ¢_ depend on w, g
and «). It is well known that if (¢, w, xo, a) remains bounded, then it is defined
for every t € R. We consider the set of bounded solutions

B, = {(w,z0) € Q x R | sup |z(t,w, xg,a)| < o},
teR
and we denote m: B, — () as the natural projection. Let us assume that
B, # 0 and let (wo,zg) € By. Thus, cls{(wo - t,x(t,wo, To,a)) | t € R} C B,
and the minimal character of (2, 0) provides 77! (w) N B, # () for every w € Q.
Therefore, the map 7, defines a global flow on B,,.

LEMMA 3.2: For each a € R, B, is a bounded set. Moreover, B, = ) for each
a> —inf{g(w,z) |z € Rw € Q}.

Proof: First of all we check that if condition (a.3) of Assumption 3.1 holds,
then lim, 4+ g(w, ) = oo uniformly in w € Q.

Let us fix w; € Q. There exist x; € R and §; > 0 with d¢g/0x(w1, 1) >
01 > 0. Thus, by continuity, we can find a neighborhood V'(w;) of w; such that
09/0x(w, 1) > 61 > 0 for each w € V(wy). Moreover, from condition (a.1) of
Assumption 3.1, dg/0x is an increasing function in the # component, and hence
0g/0x(w,z) > & > 0 for each w € V(wy) and = > zy. By compactness of {2,
there is a finite covering of @ = J,, cq V(w1), and we obtain zg € R and do > 0
such that dg/0x(w,x) > do > 0 for each w € @ and « > z(. Similar arguments
are valid as x goes to —oo and we obtain the uniform convergence on 2, as
stated above.

Consequently, if we fix @ € R, we can find r € R such that g(w,z) > —a for
each z € R with |z| > r and every w € Q. Therefore, if w € Q and xg > r, then
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limy s, 2(t,w, 20, a) = oo. Analogously, lim;_,,_ x(t,w, zo,a) = —oco whenever
20 < —randw € Q, and B, is always bounded. Finally, condition (a.3) provides
that g is bounded below, and the last assertion of the lemma is immediate. |

Let o € R such that B, # (). Since the trajectories of B, are uniformly
bounded we deduce that B, is closed and hence a compact invariant set. We
can define

z1(w,a) =inf{z | (w,z) € Ba}, x2(w,a) =sup{z| (w,z) € By}

The next result characterizes the invariant set B, depending on the value of a.

THEOREM 3.3: Let J be the set of real numbers o € R such that B, # 0 and
contains two hyperbolic minimal subsets, which are both copies of the base. For
each a € J, we have

(3.2) By ={(w,2) € Ox R | z1(w,0) <z < z(w,a)}.

Let a® = sup J. Then
(i) If a« < 0 and |a] is large enough, then o € J. Moreover, J is an open
interval, i.e., J = (—o0,a*).
(ii) Let a1, as € J with a1 < as. Then

r1(w, o) < 21 (w,2)  and  x2(w,a2) < x2(w, ar)

for each w € Q.
(iii) The set By« is nonempty and we can represent it as

By = {(w,2) € QxR | 21(w,a") <z < x2(w,a™)}.
Moreover, for each w € )

r1(w,a”) = a_}%{ﬁ)_ ri(w,a), r3(w,a’)= a_}%gl)_ T2 (w, @)

3

and there is a residual invariant set Qg C Q such that x1(w,a*) =
x2(w, a*) for each w € Q.
(iv) For each a > o*, B, = 0.

Proof:  Assume a € J. Since B, is compact, for each w € €, i = 1,2 one has
that (w,z;(w,a)) € B, and we can represent B, as in (3.2). From Lemma 3.2
we deduce that o* < —inf{g(w,z) |z € Rw € O} < cc.
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(i) and (ii). For each r > 0 we take
¢ = int{g(w,2) | o] = r,w €A}, Cp =sup{g(w, )| |z] = r,w € O},

We know that ¢, < C, and lim, . ¢, = co. Take r > 0, a < 0 with |«| large
enough so that o« < —C,.. There is ' > r such that —a < ¢,». We consider the
following subsets of 2 x R

Ki={(w,2) e OxR|—r'" <2< -1}, Ko={(w,z) e QxR|r<az<r}

It is easy to check that K is a positively invariant set and K, a negatively
invariant one. Consequently, there are minimal sets M; C K; and My C Ks,
which in particular implies that z1 (w, a) # 22 (w, a) for each w € Q. Under this
condition, Theorem 4.1 of [1] asserts that either the equation (3.1), is linear in
B,, which is impossible because g(wg, z) is a strictly convex function in 2 for
some wyp € 2, or

Mo ={(w,zi(w,a)) |lweQ}, i=1,2,

are the only minimal sets of B, and they are hyperbolic, that is, a € J. More-
over, lim,_,_ 21 (w, @) = —co and lim, o T2 (w, @) = +00.

From the classical results of comparison of solutions, for each (w, o) € 2 X R,
x(t,w,xg,a) is an increasing (resp. decreasing) function in « for ¢ > 0 (resp.
t <0).

Let as € J and a1 < as; we claim that oy € J. We take ag < 0 with |ag|
large enough in order to get ag € J, ag < oy and B,, C By, . Let (w, o) € By,
that is,

r1(w,az) < xg < To(w, as).

Therefore, for each ¢t > 0 we obtain

x1(w-t,ap) < z(t,w, zo, a0) < z(t,w, x0,01) < 2(t,w, o, a2) < xa(w - t, ),
and for each t < 0

r1(w-t,ar) < z(t,w,zg, a2) < z(t,w, x0,a1) < 2(t,w, T, ag) < x2(w - t, ag).

Consequently, sup,cp |#(t,w, zo, 1) < 00, the set B,, is nonempty and B,, C
Bg,. Thus, ay € J and J is an interval. Moreover, the previous inclusion
implies that for each w € Q

r1(w,a1) < r1(w, ) < wa(w, ) < ra(wW, 1)
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and (ii) is proved. Finally, for each a € J, z1(w, @) and z3(w, a) are hyperbolic
solutions of (3.1),; then, Theorem 2.1 provides the same result in a neighbor-
hood of a;, which implies that J is an open interval. Hence J = (—o0, a*).

(iii) We have shown that 21 (w, @) (resp. z2(w, @)) is an increasing (resp. de-
creasing) function in a. Therefore, there exist the limits

l‘i( (w) = a_}}g%ﬁ T (wv a)7 l‘; (w) = a_}}g%ﬁ x?(wa O[)-

It is also easy to check that, for each w € Q and t € R
x}(w ' t) = l‘(t,w,l‘;(UJ),O[*), 333(0.) ' t) = x(t,w,xé(w),a*),

which implies that sup,cp |2(t,w, 2} (w),a*)| < oo for i = 1,2. Consequently,
the set By« is nonempty and

71 (w, @) < 21 (w, @) < 27 (w) < 35 (w) < T2 (w, ") < w2 (w, @)

for each w € Q and a < o*. Taking limits as a tends to a* from below, we
conclude that 2} (w) = 21 (w, a*) and z}(w) = x2(w, a*), as asserted.

Let us assume that z;(w,a") # x2(w,a*) for each w € Q. Then we could
apply again Theorem 4.1 of [1] to conclude that a* € J, which is impossible.
Therefore, there is wg € Q with z;(wg, a*) = x2(wo, a*) which also implies that
x1(wo - t,a*) = zo(wp - t,a*) for each t € R because

(3.3) Zi(wo - t, ) = x(t, wo, x;(wo, @), a*), i=1,2.

Now Theorem 5.1 of [1] asserts that there exists a residual invariant subset
Qp C Q such that z1(w,a*) = zo(w,a*) for each w € Qy. The ergodic and
topological structure of the set B,« will be described in the next proposition.

(iv) Let @ > a*. If g > z3(w,a”), the point (w,x0) ¢ B, because for
t >0, 2(t,w, z0,a) > x(t,w, xo,a*) and x(t,w,xg,a*) tends to co as t — oo.
Analogously, if 2y < z1(w,a*), the point (w,zq) ¢ By, and we conclude that
B, C By~

Let us assume that B, is nonempty and then takes the form (3.2). We consider
(wo, o) € Bya+ with z1(wg, a*) = z2(wo, a*). From B, C By« we deduce that

T (WOa Oé) = 332(0.)0, a) = xl(UJO, O[*) = xQ(UJO, Oé*)-
This implies that for each ¢t € R

x1(wo - t, ) = xo(wo - t, ) = x1(wp - t, ") = 2o (wo - £, ™)

3
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which is impossible because from relation (3.3) and the analogous one for «,
they are solutions of different differential equations, and the proof is complete.
|

Let us fix an ergodic measure m on . Denote by 7;(a) the Lyapunov expo-

nents with respect to m given by the formula
vi(a) = ; Z—Z(w,xi(w,a))dm, i=1,2.
We know that v, (a) < 0 < 42(a) for each a € J.

If the base flow (2, o) is almost periodic, almost automorphic dynamics, i.e.,
the presence of an almost automorphic minimal set which is not almost periodic,
can only occur in a few situations, all of them for the unique value a* of the
parameter. The ergodic and topological structure of B,: is described in the
following result.

PRrROPOSITION 3.4: Let a* be the value of the parameter obtained in Theo-

rem 3.3. Then, there exists a unique minimal subset M.+ C Bg+, which is

an almost automorphic extension of the base (Q,0) and it is not hyperbolic.

Besides, one of the following cases holds.

(c.1) z1(w,a*) = z2(w,a*) for every w € Q. In this situation By = My« is a
copy of the base, there exists a unique ergodic measure concentrated on
By~ and projecting onto m, and the Lyapunov exponent is null. If the
base (2, 0) is a.p., then so is M«.

(c.2) z1(w,a*) = za(w,a*) for almost every w € Q with respect to m. As in
the previous case, there exists a unique ergodic measure concentrated on
B, and projecting onto m, and the Lyapunov exponent is null. If (Q,0)
is a.p., then M+ is an a.a. minimal set, which is a.p. if and only if it is a
copy of the base.

(c.3) z1(w,a*) = x2(w,a*) only on a set of null measure. Then, there exist two
unique ergodic measures concentrated on B,- and projecting onto m, and
the Lyapunov exponents are not zero: v1(a*) < 0 < y2(a*). In this case
if (Q,0) is a.p., then M+ is an a.a. minimal set which is not a.p.

Proof: From (iii) of Theorem 3.3, we deduce that

vi(e®) = lim (), ©=1,2,

a—(a*)~

which implies that v (a*) < 0 < vya(a*). The rest of the proof is an application
of the results stated in [1, Section 5], taking into account that, as we have
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mentioned before, the equation cannot be linear in B,« because g(wo, ) is a
strictly convex function in z. In particular, if My« was hyperbolic, the maps
zi(w,a*), i = 1,2, would coincide identically by Theorem 5.1 of [1]. This
would imply that we are in case (c.1) and the Lyapunov exponent is null, which
contradicts the hyperbolicity of M. |

Next we show that we can weaken the hypotheses given in Assumption 3.1
obtaining the same results, that is, the existence of a value a* with the property
that there may exist an almost automorphic and not almost periodic minimal
subset. More precisely, we will only require the convexity properties for the
function ¢ over a compact set of bounded trajectories with nonempty interior.

PROPOSITION 3.5: Let B be a set of bounded trajectories for the family of
equations ' = h(w-t,z), w € Q, where h: QxR — R is continuous, differentiable
with respect to x and 0h/dx: Q x R — R is continuous. We assume that

(b.1) B is a compact invariant set which can be represented as

B={(w,z2) e XxR|z(w) <z < 22(w)},

with z1(w) # x2(w) for each w € Q;
(b.2) when restricted to B, the function h is a convex map in x for each w € Q,
and strictly convex in x for some wq € €.
Let J be the set of positive real numbers a > 0 such that there is a nonempty
compact invariant subset ﬁa C B of bounded solutions for the equation x' =
h(w - t,z) + a, which contains two hyperbolic minimal subsets and admits a
representation

(3.4) Baz{(w,x) ENXR|z(w,a) <z <xa(w,a)}.

Let a* = sup J. Then
(i) J is an open interval, i.e., J = (0,a*).
(ii) Let a1, as € J with oy < ag. Then

T (w, o) < 21 (w, ) and  x2(w,a2) < x2(w, ar)

for each w € ).
(i) For each w € (Q, there exist the limits

r1(w,a”) = a_}%{ﬁ)_ ri(w,a), ra(w,a’)= a_}%gl)_ T2 (W, a).

Besides, the nonempty invariant set ﬁa* defined as

B,. = {(w,z) € AXR| 21(w,a*) <z < xo(w,a”)}
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contains bounded solutions for the equation ' = h(w-t,x) + o*, and there
is a residual invariant set Qo C Q such that x1(w, ™) = x2(w, a*) for each
w € Q.
Moreover, the same conclusions of Proposition 3.4 hold in this case for B\a*,
making the obvious changes.

Proof: The main idea of the proof is the construction of a continuous function
g: QxR — R, which satisfies Assumption 3.1 and coincides with h(w,z) when
(w,z) € B. Tt is easy to check that the function

T

o) = hiwa)) + [ S,

z2(w)
where

%(w,xl(w)) +z-m(w) ifr<a(w),

f(wax) = %(w,x) if z € [xl(w)7x2(w)]7

PwmsW) +7-m2(w) iz >2sW)

3

satisfies our requirements. Moreover, from Theorem 4.1 of [1], B coincides with
By, the set of bounded trajectories for 2’ = g(w - t,z), because the equation is
not linear and then z; (w) and z5(w) are two hyperbolic solutions.

Finally, all the statements follow easily from the application of Theorem 3.3
to the new family of equations 2’ = g(w - t,x) + a, because B, C By = B for
each a > 0, and we can take ﬁa = B,. Notice that in this case, the original
family of equations 2’ = h(w-t,2) + a may have more bounded solutions outside
B,. |

4. Continuous dependence

Let g: R — R be a real function satisfying the corresponding Assumption 3.1.
Notice that in this case, (a.2) means that g is a strictly convex function. For
each real and continuous function p we consider the scalar differential equation

(4.1) ' =g(x) +p(t), teR

We denote by z(t, zq, p) the solution of (4.1) with initial condition zq and let
B(p) = {zo € R | sup,ep |2(t, z0,p)| < oo} be the set of bounded solutions for
equation (4.1).
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PROPOSITION 4.1: Let {p;(t)}jen be a sequence of continuous and bounded
real functions satisfying
(i) there is a continuous and bounded real function p such that lim;_,.. p; = p
in the weak* topology o(L*(R), L*(R)), and
(ii) B(p;) # 0 for each j € N.
Then equation (4.1) has at least one bounded solution, i.e., B(p) # 0.

Proof: From the uniform boundedness principle, every weakly* convergent
sequence is norm bounded. Then, there is an M > 0 such that ||p;|lcc < M
for every j € N. From this fact and lim; 4+ g(x) = oo, we can find a positive
constant C' > 0 such that B(p;) C [-C,C] for every j € N. Since B(p;) # ( for
each j € N, we take a sequence {z;};en with z; € B(p;) for each j € N. Thus,
|z;] < C for every j € N, and there is a convergent subsequence. Let us assume
that the whole sequence converges to some point zg.

We consider the family of solutions {z(¢,2;,p;)};en, which is equicontinuous
and uniformly bounded. Applying the Arzela—Ascoli theorem and a Cantor diag-
onalization process we obtain a subsequence {z (¢, z;, , pj, ) }ren which converges
uniformly on the compact sets of R to a function zq(¢). Obviously, |xq(t)] < C
for any t € R, so that it is bounded. Finally, from the weak* convergence of p; to
p applied to the function x4 € L'(R), we obtain that fg P, (s)ds — fot p(s)ds,
for each t € R. From this, it is easy to check that zq(t) coincides with x(¢, z, p)

3

the solution of (4.1) with initial value xq, and the proof is finished. |

As in the previous section, ({2,0) is a minimal flow defined on a compact
metric space. For each real and continuous function p € C(Q) and a € R, we
consider the family of differential equations

(4.2), ¥ = g(a) +plw-t) +a, weQ,
where ¢ satisfies Assumption 3.1. As in Section 3, we denote by a*(p) the real
number obtained in Theorem 3.3 for the corresponding family (4.2),.

PROPOSITION 4.2: Let p, g € C(Q). Then

la*(q) — ™ (p)| < llg = plloo-

Proof: We can assume that o*(p) < a*(q); the opposite situation is analogous.
We claim that if @ = a*(¢) — ||p — ¢llsc, then equation (4.2), has bounded
solutions, that is, a*(¢) — ||p — ¢lle < a*(p), as stated.

We denote by zo(t,w) a bounded solution of z' = g(z) + ¢(w - t) + a*(q),
w € Q, and by z(t,w) the solution of (4.2), such that 2(0,w) = (0, w). Then,
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from
o' = g(z) +p(w-t) + a < g(z) + q(w - t) +a”(q),

the classical comparison theorems show that x(t,w) < zq(t,w) for each ¢ > 0
and zo(t,w) < x(t,w) for each t+ < 0. From these inequalities, the bounded-
ness of xo(t,w) and the behaviour of the solutions induced by the assumption
lim, 1o g(z) = o0, it is easy to check that x(¢,w) is also bounded, which
finishes the proof, as explained above. |

The above result implies the continuity of a* in C(Q2) for the topology of
uniform convergence, as we state in the next result. We also show a kind of
semicontinuity result for the weak topology o(C(2), M (Q)).

PrROPOSITION 4.3: Let {p,},;en be a sequence of real continuous functions on

(i) If there is an wo €  and p € C(Q) such that lim;_, o pj(wo - ) = p(wo - t)
in the weak* o (L>°(R), L' (R))-topology, then limsup; ,  a*(p;) < a*(p).
(ii) Let us assume that lim;_,, p; = p in the weak o(C(2), M (Q))-topology;
then limsup;_, . a*(p;) < a*(p).
(iii) Iflim;_ o p; = p uniformly on , then lim;_ .. a*(p;) = a*(p).

Proof: (i) Let us assume that for a subsequence limy_, o a*(p;,) = ao and let
us prove that ap < a*(p). Recall that by the minimal character of the base flow
(Q,0) the value a*(p) is independent of w. Therefore, we apply Proposition 4.1
to pj, (wo - t) + a*(pj, ), which converge weakly* to p(wp - t) + ao, to obtain that
x' = g(z) + p(wo - t) + ag admits a bounded solution, that is, ag < a*(p). As a
consequence limsup;_, .. a*(p;) < a*(p), and (i) is proved.

(i) Tt is a consequence of (i) because now we prove that for each w € Q,
p;(w - t) converges to p(w - t) in the weak* o(L°°(R), L' (R))-topology. We have
to check that lim;_, [op;(w - t)p(t)dt = [, p(w - t)p(t)dt, for each ¢ € L'(R).
However, if we fix w € Q and ¢ € L'(R), from Riesz representation theorem
there is a p € M(Q) such that [}, q(w - t)p(t)dt = [, qdu for every ¢ € C(Q),
and the claim follows from the weak o(C(R2), M(f2)) convergence.

(iii) It is immediate from Proposition 4.2. |

Next we will consider the family of systems (4.2), with o = 0. For simplicity
of notation we will remove a from every set instead of substituting it by 0.
Thus, as in Section 3, we will consider the sets of bounded solutions B(p), and
in the case they are nonempty we define

71 (w,p) =inf{z | (w,z) € B(p)}, m2(w,p) =sup{z | (w,z) € B(p)}.
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The next result gives a characterization of the convergence of the Lyapunov
exponents in terms of the convergence in measure of these functions. We fix an
ergodic measure m on (2.

THEOREM 4.4: Let {p;} en be a sequence of real continuous functions on §) such
that p; converges to p in the o(C'(2), M (Q)))-topology, and B(p;) is nonempty
for each j € N. Denote by v;(p), i = 1,2, the Lyapunov exponents with respect
to m of the systems (4.2), for « = 0. The following statements are equivalent:
(1) lim; 00 vi(p;) = vi(p) for i = 1,2.
(i) limj e 2i(w,p;j) = 2;(w, p) in measure for i = 1,2.

Proof: FEvery weakly convergent sequence is norm bounded, thus, there is an
M > 0 such that sup,ey [|pjlloc < M. From this fact and lim, ;1 g(x) = o0,
we can find a positive constant C' > 0 such that B(p), B(p;) C Q x [-C,C] for
every j € N. In particular, —C < z;(w,p;), z;(w,p) < C, for eachw € Q, j € N
and i =1, 2.

(if) = (i) The convergence in measure implies the existence of a subsequence
converging almost everywhere with respect to m. Therefore, there is a sub-
sequence {z;(w,pj,)}ren such that limy oo zi(w,pj,) = zi(w,p) a.e. for each
1 =1,2. Thus,

lim v;(pj,) = lim / g (zi(w,pj,))dm = / g (vi(w,p))dm = vi(p)
k—o0 k—o0 0 [¢)

for each i = 1,2, and the result also holds immediately for the whole sequence.

(i) = (ii) For each j € N, let v; be the ergodic measure concentrated into
the subset Ms(p;) = {(w,z2(w,p;)) | w € Q}. All these ergodic measures
v; are concentrated in the compact subset Ko = Q x [-C,C], from which we
deduce the existence of a weakly convergent subsequence (assume it is the whole
sequence), i.e., there is a measure v such that

(4.3) lim fdv; = fdv
I70 JKe K¢
for each continuous function f € C(K¢). The family of normalized measures
(Vw)wen denotes the disintegration of v with respect to m.
From Proposition 4.1 we know that B(p) # 0. Next we check that v(B(p)) =
1. It is well known that

v(B(p)) = inf{ fdv | f € C(Kc) with figp =1and 0 < f < 1}.

Kc
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Take any f € C(K¢) with figp) = 1 and 0 < f < 1 and let us see that
lim;, o f(w,z2(w,p;)) = 1 pointwise. For each w € Q there exists a subse-
quence {ji}ren such that limy_, o 22 (w, p;, ) = o for some zg. Arguing as in
Proposition 4.1 we conclude that (w, z9) € B(p). The continuity of the function
f provides lim;_, o f(w,z2(w,pj.)) = f(w,zq) = 1. As for any subsequence
there is another one through which the limit is 1, we are done. Hence, the
Lebesgue theorem leads to

1= lim | f(w,z2(w,p;))dm = lim fdv; =/ fdv,
Kc

j—oo Jo J= JKg

and then, v(B(p)) = 1, as claimed.
From 4.3 and the continuity of ¢’ we deduce that

lim v (p;) = lim [ ¢'(z2(w,p;))dm = lim g'dv;
j—o0 j—oo Jo 1= JKe

z2(w,p)
/ g'dy:/ [/ g'(u)dzxw} dm.
Kc Q z1(w,p)

Moreover, from lim;_ Y2(p;) = V2(p) = [, 9'(x2(w, p))dm we obtain

2’,‘2(0.)71))
/ [Q'(ﬂb (w,p)) — / g’(u)de] dm = 0.
Q z1(w,p)

The strictly increasing character of ¢’ allows us to assert

z2(w,p) . z2(w,p) . .
/ g / g, < ),

w,p) w,p)
from which it follows that for almost every w with respect to m
( ,p) ! ! . ( ,p) ! !
[ i = g s, e [ g - g (aaleo. ) = 0
1(w,p) 1(w,p)

Finally, since ¢'(z2(w,p)) — ¢'(u) > 0 whenever z1(w,p) < u < x2(w,p), we
conclude that v is concentrated into My (p) = {(w, z2(w,p)) | w € Q}. Conse-
quently, the weak convergence 4.3 means that for each f € C(K¢)

(4.4) lim [ f(w,z2(w,p;))dm = /f w, z2(w, p))

Jj—o0 Q

and we deduce that lim;_, ||z2(-, p;)||2 = [|22(-, p)||2 for f(w,x) = 22,
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Next we check that the sequence of functions x2(w,p;) converge to za(w, p)
as j — oo in the o(L?(Q), L2(Q2))-topology. We have to prove that for each
y € L*(Q)

lim [ y(w)es(w, py)dm = / y()e2(w, p)dm.

From the density of the continuous functions in L?() we know that given ¢ > 0
there is h € C'(Q2) such that ||y — h||z < e. Moreover,

/Q y(@)[r2 (@, ;) = 22(w,p)]dm| < / [y(w) = h(w)][22(w, py) — 72 (w, p) dm

#] [ o) — st pldm| = 1+ B,

However, from Cauchy—Schwarz inequality and the uniform bound for the
functions x»(w,p;), there is a positive constant ' > 0 such that

I <|ly = hllallz2 (-, p;) = 22( D)2 < Ke.

In addition, IJ goes to 0 as j — oo by relation 4.4 with f(w,z) = h(w)z, and
the weak o(L%(Q2), L2(Q2))-convergence is obtained.

Finally, from the o(L?(Q), L?>(Q))-convergence and the above convergence
of the norms we deduce that lim;_,~ 22(w,p;) = z2(w,p) in the L2-topology,
which in particular implies the convergence in measure of z»(w,p;) to z2(w,p)
as J — o0o. A similar proof applies to x;(w, p) and the theorem is proved. |

To finish this section, we give a kind of semicontinuity result for the Lyapunov
exponents when the weak topology is considered. We maintain the notation of
the previous theorem.

PROPOSITION 4.5: Under the same assumptions of Theorem 4.4,
71 (p) < liminfyi(p;) and limsupya(p;) < 72(p)-
J—0o0 j—oo
Proof:  'We prove it for 72 (p;). Suppose that limy_, Y2(pj,) = 7 and let us
check that v < v2(p). As in the previous proof, and taking into account that ¢’
is a strictly increasing function, we obtain

v = lim 7(pj,) :/Q {/:Q(w’p) g’(U)d%}dm < /Qg’(rz(va))dm = 72(p),

1(w,p)

as asserted. The proof for v1(p;) is completely analogous. |
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5. Limit periodic case

We start this section by recalling some notions on almost periodic functions. A
continuous real function f: R — R is Bohr almost periodic if for every ¢ > 0
the set E. = {s € R | |f(t + s) — f(t)] < € for each ¢t € R} is relatively dense,
that is, there exists a positive number . > 0 such that each interval of length
l. contains at least an element of E.. A continuous real function f is said to be
limit periodic if there exists a sequence of continuous and periodic functions
{fn}nen converging uniformly to f. A limit periodic function is always almost
periodic.

With any continuous almost periodic function f, one can associate a mean
value

M(f tlggot/f

and a Fourier series f ~ Y7 | c,e?*»! where the frequencies \,, are the (denu-

merably many) values of A for which M (fe=") #£ 0, i.e.,

N B
tll)rgo 7] e~ s f(s)ds # 0.
The frequency module is the set M(f) = {3, jnAn | jn € Z} of finite integer
combinations of these frequencies, that is, the smallest additive subgroup of R
containing all the frequencies. We will denote by A(M(f)) the set of all almost
periodic functions with frequency module contained in M(f). It is closed in
the uniform topology, it is separable (in contrast to the space of almost periodic
functions), and it is an algebra: if f, g € A(M(f)), then f-g € AM(f)).

Each almost periodic function f is a uniform limit of trigonometric polyno-
mials 377, cje'® " with a; € M(f). In particular, if f is limit periodic the
above functions are periodic because it can be shown that, in this case, each
two elements of M(f) are commensurable, i.e., linearly dependent over Q.

Let us recall the construction of the hull Q of a real bounded and uniformly
continuous function f. It is the closure of the set of mappings {f: | ¢ € R} where
fi(s) = f(t + s), in the topology of uniform convergence on compact sets, i.e.,
the compact-open topology. The translation R x Q — Q, (¢t,w) — w - ¢, with
w-t(s) = w(t + s), defines a continuous flow o on .

If f is an almost periodic function, 2 is a compact topological group and the
flow (2,0) is minimal and uniquely ergodic. Tt can be shown that A(M(f))
and C(Q) are isomorphic as Banach algebras. Then, h € A(M(f)) if and only
if there exists ¢ € C(Q) such that for every t € R, h(t) = q(wp - t) for some
wo € O (see Johnson and Moser [12] for the details).
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Now we explain how to obtain a collective formulation, i.e., a family of equa-
tions from a single one by means of the hull. We consider the equation

(5.1) ' =g(z) +po(t), teR,

where ¢ is a real function satisfying the corresponding Assumption 3.1, and
po(t) is a real bounded and uniformly continuous function.

The function pg has a unique extension to a continuous function on its hull Qg
given by p: Qo = R, w + w(0). Thus, we can consider the family of equations

o' =g(@) +pw-t), we,
which in particular, when w = pg, coincides with the initial equation (5.1).
Notice that each w provides a different equation but the value of a*(p), as
defined in Theorem 3.3, is constant for all of them when the flow on Qg is
minimal. Therefore, in this case we define a*(pg) as a*(p).

As in Section 3, for any minimal flow (Q, ), we denote by B, (p) the set of
bounded solutions for the family 2’ = g(z) + p(w - t) + o, w € Q, which, if
nonempty, can be represented as

By(p) ={(w,2) e A xR| 21 (w,a) < < x2(w, )}

Notice that x;(w,a), ¢ = 1,2, depend on p although, for simplicity, we have
dropped it from the notation. We denote by M, () the minimal set contained
in By« (p)(p), provided by Proposition 3.4.

When  is the hull of a limit periodic function, we will show in Theorem 5.3
that the first situation stated in Proposition 3.4 is generic in C(Q), i.e., it
happens for p in a residual set of functions of C'(Q). Before showing this fact,

we study the periodic case.

LEMMA 5.1: Let pg be a continuous and periodic real function. Then
(5.2) o' =g(x) +po(t) +a"(po). tER,
admits a unique bounded solution which is periodic.

Proof: Let Qg be the hull of pg and consider, as above, the family of differential
equations

o' =g(z) +pw-t)+a’(po), wE Q.
Since pg is periodic of period T', its hull Qo = {po(t + s) | 0 < s < T} and, as
we have said before, a*(pg) = a*(p).
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We know that there is wg € Qg such that x1(wg,a*(p)) = x2(wo, a*(p)), and
then z1 (wo t, a*(p)) = xa2(wo-t, a*(p)) for each t € R. Moreover, for w € Qg there
is s € R such that w = wg - s and therefore, 1 (w, a*(p)) = z2(w, a*(p)) for each
w € Qo, i.e., we are in situation (c.1) of Proposition 3.4, and By () (p) = My=(p)-
Consequently, if we take w; = pg, then z1(wy - ¢t,a*(p)) is the only bounded
solution of (5.2) and it is periodic. |

Let (©2,0) be a minimal flow. We denote by
P ={peC(Q)]| thereis T > 0 with p(w) = p(w - T) for each w € N}

the set of continuous and periodic functions on 2. Next we deduce that situation
(c.1) of Proposition 3.4 always happens when p € P(9).

COROLLARY 5.2: Let (Q,0) be a minimal flow, and let us assume that p € P(Q)
is a continuous and periodic function. Then x1(w, a*(p)) = x2(w, a*(p)) for each

w € Q and Ba*(p) (p) = Ma*(p).

Proof: It is an application of the previous lemma to each real periodic function
P (t) = p(w - t) for w € Q. |

THEOREM 5.3: Let Q be the hull of a limit periodic function. Then, there
exists a residual subset R C C()) such that, for each p € R, x1(w,a*(p)) =
T2 (w, a* (p)) for every w € Q and By () (p) = My»(p) is almost periodic.

Proof: For each n € N we consider the subset
Vo={peC(Q) | Ja < a*(p) with ||z2(-, @) — 21 (-, )|l < 1/n}.

It is easy to check that V), is an open set because, as we proved in Theorem 2.1,
the hyperbolic character of equation (4.2), is maintained in a neighborhood
of p. Now we consider the Gs set R = ﬂneN V.. We claim that R is a residual
set. It remains to prove that it is dense in C(f).

Let p € P(©). From Corollary 5.2, for each w € Q2 one has z;1(w,a*(p)) =
T3 (w,a*(p)), which are continuous functions because M, () is a minimal set.
Moreover, z;(w,a) and z2(w,@) are monotone functions on «, as we have
checked in Theorem 3.3. Therefore, from Dini’s theorem,

n(a' () = fim mi(w0), saa’(p) = lim aaea),
uniformly on . Thus, given n there is a < a*(p) such that ||z2(-,a) —
21(-, )]0 < 1/n and p € V,. Finally, from the isomorphism between C()
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and A(M(f)) it is immediate to check that P(Q) is dense in C'(2). Thus, R is
dense in C(Q), and then a residual set.

In order to finish the proof, we check that we are in situation (c.1) when
p € R. We have p € V,, for each n € N. Consequently, for each n € N there
is oy, < a*(p) such that ||z2(-, an) — 21(-, an)l|eo < 1/n. In addition, we know
that

[22(-;a%(p)) = 21(, @ (P)lloo < l22( ) = 21 (5 ) lloo < 1/m,

which implies that zo(w,a*(p)) = z1(w,a*(p)) for each w € Q, as claimed.
|

6. Quasi-periodic case

In this section we are concerned with the quasi-periodic case. We denote by
Tk = R*/Z* the standard k-torus with & > 2. For any vector of frequencies
¢ € [0,1]F, we consider the linear flow (T*, ¢) defined by translation on T* as
w-t=w+tp (mod 1), we Tk t € R It is well known that if the components
of the vector of frequencies are rationally independent, the flow is minimal. In
the general case, this is not necessarily true, but we can apply the results given
in the previous sections to each of the minimal subsets in which the flow (T*, ¢)
decomposes.

The next result shows that the hyperbolic solutions inherit the regularity of
the equation.

THEOREM 6.1: Let us assume that xo € C(T*) is a hyperbolic solution of
(6.1) o' = g(z) + pw +10), weT,

where g € C1(R) and p € C'(T*). Then, zo € C*(T¥).

Proof: We denote by z(t,w,r) the solution of equation (6.1) with initial con-
dition z(0,w,r) = r. Since zq is hyperbolic, we can assume that zo(w + t¢)
is uniformly asymptotically stable as ¢ goes to +o00, otherwise it would be as
t goes to —oo and the proof is similar. Therefore, since it can be shown that
the modulus of uniform stability is independent of w, there is a § > 0 such that
whenever |zo(w) — r| < 4, then lim; o [2(t,w, ) — zo(w + t¢)] = 0.

Moreover, if we fix wg € T* and r satisfying |z¢(wg) — 7| < J, we can find a
neighborhood B(wo, p) such that |zq(w)—r| < § for every w € B(wg, p), and thus

(6.2) tli}m [x(t,w,r) — z0(w + td)] =0  uniformly in B(wq, p).
o0
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We can also take a sequence ¢, T oo such that lim, . t,¢ = 0. Consequently,
w+tp¢ — w uniformly on T*, and if we define the functions f,,(w) = z(t,,w,r),
we deduce that xg(w) = lim, o fr(w) uniformly on B(wg,p). The classical
theorems of dependence with respect to parameters show that f, € C'(T*).
We claim that the sequence of derivatives {V f,}nen converges uniformly on
B(wo, p) to a continuous function, which would imply that zo, € C*(T*), as
stated.

For each w € B(wo, p), the function x,(t) = 0x/dw: (t,w,r) is the solution of

9p

z :g(x(t.,w.,r))x-l-a—wl(w-l-t¢), teR,

with initial condition z,(0) = 0, which can be written as

2, (t) = /Ot exp{/:g’(x(r,w,r))dr] 8a—oi(w +s¢)ds, teER

From the exponential dichotomy of the family 2z’ = ¢'(zo(w + t¢))z, w € T,
and the limit (6.2), it is not difficult to check that there exist constants tg € R
and M > 0 such that |z, (¢)] < M for all t > tg and w € B(wy, p).
Next, for each w € B(wy, p) we consider the non-homogeneous equation
dp

(6.3) y' =g (vo(w+te))y + a—(w +tp), teR
w1

It is immediate to check that for each y(#) solution of equation (6.3), the function
z(t) = z,(t) — y(t) is a solution of

(6.4) =g (volw+1t))z +[g'(x(t,w, 7)) = g'(x0(w + th))]2u (1).
In particular, for each t; > ¢y we consider the solution of (6.4) given for ¢ > t;

by

Zu () =/t exp[/ 9'(zo(w + 7))dr | [g'(x(s,w,7)) — g'(z0(w + 5¢))]70s (5)ls,

and y, (t) = 2, (t) — z,(t). Moreover, from the uniform asymptotic stability of
xo(w + td) as t goes to +oo, the linear part 2’ = ¢'(2o(w + t¢))z admits an
exponential dichotomy with projection P = I. Then, for every ¢t > t;

[20(t)] < Kt S;lsllt{\[g'(x(svww)) — 9 (zo(w + 59))]zw ()]},

where K is a constant which only depends on the exponential dichotomy.
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Besides, from (6.2) and the continuity of ¢', given ¢ > 0 there is a t; > ¢y such
that sup;, ., {|9'(2(s,w,7)) — ¢'(z0(w+50))|} <e/(2MK), and consequently,
|2, ()] < /2, that is, |ze (t) — yu(t)| < £/2 for all w € B(w, p) and ¢ > ¢;.

Finally, we can denote by ¢(w +t¢) the unique bounded solution of(6.3) where
q € C(T*). Then, y,(t) — q(w + t¢) is a solution of the linear equation 2’ =
g’ (xo(w + td))z, whose solutions, when the initial data are uniformly bounded,
tend to zero uniformly on T* as t — oo because of the exponential dichotomy.
Thus, there is a to > ¢ such that |y, (t) — g(w + t¢)| < ¢/2 for each t > t5 and
w € Tk. Hence, |2, (t) — g(w + to)| < ¢ for each t > t2, w € B(wy, p), and we
conclude that df, /0w (w) = x,(t,) converges to ¢(w) uniformly on B(wq, p).
The same can be done for the rest of the partial derivatives, and the proof is
finished, as explained above. |

The following perturbation result asserts that hyperbolicity is maintained in
an appropriate neighborhood of the equation and the frequency. Notice that
the function p is assumed to be continuously differentiable on the k-torus.

THEOREM 6.2: Let us assume that xo € C(T*) is a hyperbolic solution of
a' = g(z) + plw+tp), weTH,

where g € C'(R) and p € C'(T*). Then, for each§ > 0, there is an £(§) > 0 such
that if ¢1 € [0,1]%, p1 € O(T*) satisfy ||¢ — d1]| < £(8) and [lp — pillso < £(6),
the perturbed family

2 =gx)+p(w+te), wEe T*,

admits a hyperbolic solution z1 € C(T*) with ||zo — 71|l < 6.

Proof: For each w € T* and t € R we denote y,(t) = ¢'(zo(w + t¢)), and we
define the bounded and invariant under translations sets of real maps

Yo ={ysw |w €T}, Zyr={ysw|weT and ||¢ — ¢y < r} C L®(R).

Let ro > 0 be such that Yy, Zy , C By, = {2 € L°(R) | [|z|loc < ro}. We endow
L>®(R) with the weak* topology (L (R), L'(R)). Since L!(R) is separable,
B,, C L*®(R) is a compact metrizable space. Then, Y, and Zy , are compact
translation invariant subsets. Moreover, because of the hyperbolicity of zg, the
family of equations «' = y(t)z, y € Y, admits an exponential dichotomy over Y.
Therefore, for r small enough so that the Hausdorff distance between Yy and Zy
is also small enough, the perturbation theorem of Sacker and Sell [26] ensures
the exponential dichotomy over Zy . for the equations 2’ = z(t)x, z € Zs ,.
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From Theorem 6.1 we know that zg € C'(T*). Then, for ¢; € [0,1]* with
lp—o1]| < r we consider g4, € C(T¥) defined by gy, (w) = Vg (w)-¢1 —g(zo(w)).
An easy calculation shows that zo(w + t¢q) satisfies, for each w € T*, the
equation 2’ = g(x) + g¢, (w + t¢1). Consequently, it is a hyperbolic solution
of this family because 2’ = ¢'(2¢(w + té1))z, w € T*, admits an exponential
dichotomy, as shown above. Moreover, notice that

46, = Plloc < IVzollocll@ — -

Next, from Theorem 2.1 we deduce that given 6 > 0 there is an &1(d) > 0 such
that, whenever p; € C(T*) with ||p1 — q¢,||co < €1(0) and ||¢ — ¢1]| < r, there
is a hyperbolic solution z; € C(T*) for the equations

2 =gx)+p(w+te), wEe T,

satisfying ||zg — z1]|cc < 0. Notice that £1(d) can be chosen independent of ¢,
when ||¢ — ¢1]|| < 7, because the constants of the exponential dichotomy are
common over Zg . Finally, we can choose 0 < r; < r and s; > 0 such that
81 + || Vaol|eor1 < €1(8) and take £(§) = min(ry, s1) to finish the proof. |

Given a real function g defined on the real line satisfying Assumption 3.1 and
a real function p € C(T*), we consider the family of differential equations

(6.5) 2 =g(x) +plw+1g) +a*(w,6,p), weT,

where a*(w, ¢, p) is the value obtained in Theorem 3.3, which is constant, as
a function of w, over each minimal component of the flow (T*, ¢). In general
it is not constant over the whole torus, but from Proposition 4.2 it defines a
continuous map on w for any fixed pair (¢, p) € [0,1]* x C(T*).

LEMMA 6.3: Let a € R be such that a < a*(w, ¢,p) for each w € T* and some
¢ € [0,1]F and p € C(T*) fixed. Then

(6.6) o' =g(x) +pw+itg) +a, weTh,
has two hyperbolic solutions z1(w, ¢, p, @) and x2(w, @, p, ).

Proof: The result is immediate from the definition and properties of a*(w, ¢, p)
when the components of ¢ are rationally independent. In the rationally depen-
dent case, we know that there are two hyperbolic solutions x;(w, @, p, «) and
r3(w, ¢, p, @) in each minimal component of the flow (T*, ). Besides, from the
compactness of T*, it is easy to check that the exponential dichotomy of the
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corresponding linearized systems holds over T*. Thus, to finish the proof it
suffices to show that z;(w, ¢,p, @) and z3(w, ¢,p,a) are continuous in T*, as
functions of w.

For each w € T* fixed, we consider the function g, defined by g, (t¢) =
p(w + tg) in the torus of smaller dimension T*. Moreover, given £ > 0 there is
a § > 0 such that if d(w,w’) < 4, then ||gw — ¢u'||oo < &, and the result follows
from an application of the perturbation Theorem 2.1 in T*. |

Now we study more continuity properties for o*. In particular, the next result
holds for any ¢g with rationally independent components.

PROPOSITION 6.4: Let us assume that a*(w, ¢o,po) is constant in T* for some
fixed ¢o € [0,1])" and po € C(T*). Then, the function

a®: TF x [0,1]F x O(TF) = R, (w,6,p) = a(w, ¢, p)

is continuous at (¢q, po) uniformly on T*, i.e., for any ¢ > 0 there is a § > 0
such that if ||¢ — ¢o|| < 6 and ||p — pollso < §, then

la* (w, ¢, p) — a*(w, ¢o,po)| < & for each w € T*.

Proof: We denote by af the constant value a*(w,¢g,po), w € T*. From
Proposition 4.2 we deduce that

(6.7) |a*(w,6,p) —a”(w, 6,9)| < [Ip—dll i p,g € C(T"),w € T", 6 € [0,1]".

From this fact and the constancy of a*(w, ¢o, po), it is not difficult to show that
it suffices to prove that if w,, — w and ¢, = ¢o, then a*(wy, on,po) = af.

From Proposition 4.3 we already know that limsup,,_, ., @* (wn, ¢, po) < af.
Therefore, argue by contradiction and assume that there is a subsequence {n;}
such that lim;_,c a*(wy,, én;,Po) = ap < aj. Choose a, f with ap < a < 3 <
ag and find jo such that if j > jo, then a*(wn;, ¢n;,po) < .

From (6.7), the density of C'(T*) in C(T*) and 8 < af = a*(w, ¢o,po), We
can also obtain p € C*(T*) such that ||p—po||s < (3—a)/2and 3 < a*(w, ¢, p)
for each w € T*. Therefore, from Lemma 6.3, ' = g(x) + p(w + t¢y) + B has
two hyperbolic solutions, and since p € C*(T*), Theorem 6.2 shows that there
is j1 > jo such that the same happens for 2’ = g(z) 4+ p(wn; + t¢n;) + 3 when
J >

Thus, a*(wn;, dn,,00) < a < B < a*(wn,, dn,,p) for each j > j;, which
contradicts that |a*(wy,, &n;,p) — @ (Wn;, On, 00)| < I = Pollec < (B —)/2,
and finishes the proof. |
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PROPOSITION 6.5: Let (¢,p) € [0,1]* x C(T*) be such that the components of
¢ are rationally dependent and a*(w, ¢,p) = a*(¢,p) for every w € T*, i.e., a*
is constant as a function of w. Then, given ¢ > 0 there is an a(e) < a*(¢,p)
such that

‘xl (UJ, ¢7pa Oé(E)) - CCQ(OJ, ¢7p1 Oé(E))| <e foreachw € Tk'

Proof: As the components of ¢ are rationally dependent, we can find a value
T > 0 such that p(w + T¢) = p(w) for every w € T*, that is, we can say that p
is periodic on the torus for the flow given by ¢.

Then, as in Section 5, we deduce that

T1 (wa ¢7p7 ar (¢,p)) = T2 (w'/ ¢7p7 o (¢7p))

for every w € T*. Moreover, since a* is independent of w € T¥, it can be shown
that they are continuous functions over the torus. Therefore, as in Theorem 5.3,
from Dini’s theorem we conclude that

lim xl(w7¢7p’a) le(w’qs’p?a*(qs’p))? i=172
a—a*(é,p)~

uniformly in T*, which shows the result. |

Finally, we show that situation (c.1) of Proposition 3.4 is generic in the sense
stated in the following result.

THEOREM 6.6: There exists a residual subset R C [0,1]* x C(T*) such that
for any (¢,p) € R, the function a*(w, ¢, p) is constant in T*, i.e., a*(w, d,p) =
a*(¢,p) for each w € T and

where the above functions are defined for equations (6.5) as in Theorem 3.3.

Proof: For each n € N we define the sets
Vi = {(,p) € [0,1]* x C(T*) |3 € R such that a < a*(w, ¢, p)Vw € TF,
and [|lz1(-, ¢, p,a) — 22(, ¢, p, @)[loc < 1/n}
and V! =V, N ([0,1]% x C1(T*)). Given r > 0 and (¢,p) € [0,1]* x C(T*) we
denote by

B((¢,p).r) = {(¢1.p1) € [0. 1" x C(T*) | |6 = dull <7, lIp = prllos <1}
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Next, we claim that for each (¢,p) € V! there is an &, (¢, p) > 0 such that

B((¢,p),en(0,p)) C Va.

Since (¢, p) € Vi, from Lemma 6.3 we know that x1(w, @, p, a) and z2(w, ¢, p, @)
are hyperbolic solutions of (6.6). Moreover, from p € C*(T*) and Theorem 6.2,
there is an €, (¢, p) > 0 such that if ||[¢p—¢1|| < en(d,p) and ||[p—p1llec < en(P, D)

!

d=g@) +pwttd)+a, weTh
admits two hyperbolic solutions z1 (w, ¢1,p1,a) and zo(w, ¢1,p1, ) satisfying

||l‘1(‘,¢1,p1,0{) - x?('7¢1ap17a)||00 < 1/”1

that is, (¢1,p1) € V,, as claimed.
For each n € N, we define the open subset of [0, 1]* x C(T*)

Wyp = U B((¢,p),en(9,p)) C Va,

(6.p)EV}

and we consider the G5 set R = ﬂneN W,. In order to obtain the residual
character of the set R, it suffices to prove that each W, is a dense set. Moreover,
since V! C W, it is enough to show that each V! is dense in [0, 1]* x C(T*).

Thus, let us fix an n € N and a pair (¢,p) € [0,1]* x C*(T*) such that the
components of ¢ are rationally independent. We will show that given 6 > 0
there is an element (¢, p1) € V,! with ||¢1 — ¢|| < 6 and ||p1 — p|leo < 0.

First, we take a sequence of frequencies with rationally dependent components
{#;}jen C [0,1]F such that lim; o ¢; = ¢. By Proposition 6.4, we find a jo
with |a*(w, ¢;,p) — a*(¢,p)| < & for each j > jo and w € T*.

Next, we fix ji1 > jo such that ||¢;, — ¢|| < J, and consider the function

q(w) = p(w) +a*(w,¢j,,p) —a’($,p). w €T,

which is continuous, and we can define the corresponding value a*(w, ¢;,,q).
Notice that the points w and w +t¢;, are in the same orbit of the flow (T*, ¢;,)
50 that a*(w + 1y, , 65, p) = a* (w0, &5, ,p). Hence

3

x' () + qg(w + toj,) +a

(z) + plw +te;,) + o (w, ¢j,,p) —a*(¢,p) + o, w e T,

9
9

from which we deduce that a*(w,¢j,,q) = a*(¢,p) for every w € T*. Now

3

Proposition 6.5 shows that (¢;,,¢) € V,,. Thus, from Theorem 2.1, it is easy to
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check that there is a positive constant ¢(¢j,,q) > 0 such that if p; € C(T*) and
satisfies ||¢ — p1lloo < ¢(@j,,q), then (¢;,,p1) € V.

Let 6o = ||g—pllec = [la* (-, ¢jy,p) —a*(¢,D)]loc < 5. There exists p; € C1(TF)
such that ||g — p1|lc < min(é — 8o, c(d;,,q)). Consequently, (¢;,,p1) € V,} with
|, — oIl <0, llp1 — plloo < 6 as stated, and R = [,,cyy W is a residual subset.

Finally, we show that the statements hold for each (¢,p) € R. From W,, C V,,
we deduce that there is an «,, such that a,, < a*(w, @, p) for each w € T* and

||x1('7¢7p7an) - x2('7¢7p7an)”00 < 1/”7

from which it is easily deduced that a*(w,¢,p) is constant in T* because it

coincides with SupneNana and xl(wa(bapaa*((bap)) = x?(w7¢7paa*(¢ap)) for
each w € T*, which finishes the proof. |
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